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Abstract. We propose the following principle to study pointed Hopf algebras, or 
more generally, Hopf algebras whose coradical is a Hopf subalgebra. Given such a 
Hopf algebra A, consider its coradical filtration and the associated graded coalgebra 
gr A. Then gr A is a graded Hopf algebra, since the coradical Aq of A is a Hopf 
subalgebra. In addition, there is a projection 7r : gr A — > Aq; let R be the algebra of 
coinvariants of n. Then, by a result of Radford and Majid, R is a braided Hopf algebra 
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and gr A is the bosonization (or biproduct) of R and Aq: gr A ~ R^Aq. The principle 
we propose to study A is first to study R, then to transfer the information to gr A via 
bosonization, and finally to lift to A. In this article, we apply this principle to the 
situation when R is the simplest braided Hopf algebra: a quantum linear space. As 
consequences of our technique, we obtain the classification of pointed Hopf algebras 
of order p 3 (p an odd prime) over an algebraically closed field of characteristic zero; 
with the same hypothesis, the characterization of the pointed Hopf algebras whose 
coradical is abelian and has index p or p 2 ; and an infinite family of pointed, non- 
isomorphic, Hopf algebras of the same dimension. This last result gives a negative 
• answer to a conjecture of I. Kaplansky. 

o 

oo 

§0. Introduction. We assume for simplicity of the exposition that our ground- 
field k is algebraically closed of characteristic 0; many results below are valid under 
weaker hypotheses. Let A be a non-cosemisimple Hopf algebra whose coradical Aq 
is a Hopf subalgebra; for instance, A is pointed, that is all simple subcoalgebras are 
one dimensional. Let 

A C A x C • • • C A 
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be the coradical filtration of A, see [M, Chapter 5]. This is a coalgebra filtration 
and we consider the associated graded coalgebra gi A = © n > gr A(n), gr A(n) = 
A n /A n -\, where A-\ = 0. Since Aq is a Hopf subalgebra, gr A is a graded Hopf 
algebra and the zero term of its own coradical filtration is gr A(0) = Aq, which is a 
Hopf subalgebra of gr A. Let us denote B = gr A, H = grA(O). Let 7 : H — > B be 
the inclusion and let n : B —>■ H be the projection with kernel © n >i gr A(n). Then 
7T is a Hopf algebra retraction of 7. We can describe the situation in the following 
way: 

(0.1) R^B^H, 
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where R = B coH = {a G B : (id <g>yr) A(a) = a <g> 1}. The setting (0.1) was 
first considered by Radford [R3]; Majid presented it in categorical terms [Mj]. It 
turns out that R is a Hopf algebra in the braided category ^yT) of Yetter-Drinfeld 
modules over H; we shall say "braided Hopf algebra", for short. Moreover, B can 
be recovered as the biproduct (or bosonization, in Majid's terminology) of R and 
H. 

Definition. Let A be a Hopf algebra whose coradical Aq is a Hopf subalgebra. 
The braided Hopf algebra R described above shall be called the diagram of A. 

The general principle we propose is as follows: first we analyze the diagram R of 
A, then we transfer the information to gr A by bosonization, finally we lift it from 
gr A to A via the filtration. 

R is a graded braided Hopf algebra and its coradical is trivial: Rq = R(0) = kl. 
We denote by P(R) the space of primitive elements of R. We see, considering the 
coradical filtration, that P(R) ^ 0, because dimR > 1; this last condition just 
means that A is not cosemisimple. In other words, the Hopf algebras R we need to 
study are of a very special kind. 

The first natural examples of such braided Hopf algebras are the well-known 
quantum linear spaces. We give a characterization of finite dimensional quantum 
linear spaces in Section 3; see Proposition 3.5. 

If r is a finite abelian group, a quantum linear space over V is given by elements 
9ii ■ ■ ■ ) 9e I\ an d characters xi> ■ • • > Xe £ T satisfying 
Qi ■= Xi(di) 1, for all i, 

Xj(9i)Xi(9j) = 1, for all i ^ j. 
The quantum linear space 1Z = 1Z(gi, . . . , go; xi, • • • , Xo) is then the braided 
Hopf algebra over kT generated as an algebra by primitive elements xi,...,xg, 
with relations 

X 1 1 = 0, . . . , Xg 6 =0, 

x i x i = Xj(9i)xjX i: if i ^ j. 
The elements Xi are ^-graded and the action of V on Xi is via the character Xi- 
To each such quantum linear space we define a compatible datum V consisting of 
scalars [ii G {0, 1} for each i, 1 < % < 9, and Xij G k for each i,j,l<i<j<6 
satisfying conditions (5.1) and (5.2). We define for each such datum a pointed Hopf 
algebra A (r, 1Z, T>) in section 5. Then we prove our main result 

Lifting Theorem 5.5. Let 1Z = TZ(gi, ge', Xi) ••• > Xe) be a quantum linear 
space over the finite abelian group V. Then pointed Hopf algebras A with coradical 
fe(r) and diagram 1Z are exactly of the form A (T, 1Z, V) for some compatible datum 
V. 

Let p be an odd prime number and let G p denote the group of p-th roots of 1 in 

k. 

As an application of the Lifting Theorem, we classify pointed Hopf algebras of 
dimension p 3 . 

A Hopf algebra of dimension p is isomorphic to a group algebra by Zhu's theorem 

rr7l 
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The only pointed non-cosemisimple Hopf algebras of dimension p 2 are the Taft 
algebras Tk(q) = T(q), q G G p — 1; see Section 1. 

In dimension p 3 , we have the following list of pointed non-cosemisimple Hopf 
algebras over k, for each q G G p — 1: 

(a) The product Hopf algebra T(q) <g> fc(Z/(p)). 

(b) The Hopf algebra T(g) := k(g,x\ gxg~ l = q x ! p x, g p = 1, x p = 0). Here 
q x l p is a p-th root of q. Its comultiplication is determined by A(x) = 
x ® g p + 1® x, A(g) = g®g. 

(c) The Hopf algebra T(q) := k(g,x\ gxg~ x = qx, g p =1, x p = 0). Its 
comultiplication is determined by A(x) = x®g + l®x, A(g) = g <g> g. 

(d) The Hopf algebra r(q) := k(g,x\ gxg~ l = qx, g p2 = 1, x p = 1 — g p ). Its 
comultiplication is determined by A(x) = x®g + l®x, A(g) = g <g> g. 

(e) The Frobenius-Lusztig kernel u(q) := k(g,x,y\ gxg~ x = q 2 x, gyg~ x = 
q~ 2 y, g p = 1, x p = 0, y p = 0, xy — yx = g — g~ x ). Its comultiplication is 
determined by A(x) = x(g)y+l(8)a;, A(y) = y ® 1 + (7 _1 ® y, A(p) = g® g. 

(f) For each m G Z/ (p) — 0, the book Hopf algebra h(g, m) := k(g, x, y\ gxg~ l = 
qx, gyg~ x = q m y, g p = 1, x p = 0, y p = 0, xy — yx = 0). Its comultipli- 
cation is determined by A(x) = x ® g + 1 <2) x, A(y) = y <g> 1 + <7 m ® y, 
A(y) = y® g. 

We prove 

Theorem 0.1. Any non-cosemisimple pointed Hopf algebra of order p 3 is isomor- 
phic to one in the list above. 

We shall see that there are no isomorphisms between different Hopf algebras in 
the list, except for book algebras, where h(q, m) is isomorphic to h(q~ m , m _1 ); cf. 
Section 1. 

Let us define the index of a Hopf subalgebra H of a finite Hopf algebra A as the 
ratio dim A/ dim if; it is an integer because of the Theorem of Nichols- Zoeller [NZ]. 

Theorem 0.1 is a consequence of Theorem 0.2: 

Theorem 0.2. Let H = k(T), where V is a finite non-trivial abelian group; say 
T = (yi) © • • • (Do), ye 7^ 0. Let Mg denote the order of yt, 1 < i < a. Let A be a 
pointed Hopf algebra with coradical H . 

(A). Assume that the index of H in A is p. Then there exist g G Y and a 
character x G T such that q := x(d) has order p and A can be represented by 
generators hi, 1 < £ < a, a, and relations 

(0.2) h(h t = h t h t , hf e = 1 for all 1 < £,t < a 
(0.3) a p = — g p ), with [i either or 1; 
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The Hopf algebra structure of A is determined by 

A(hi) = h e ® hi, A(a) = a (g) 1 + g® a, 1 < £ < a. 

Assume that the index of H in A is p 2 . Then there are two possibilities: 
(B\). There exist g G T and a character x G T such that q := x(g) has order p 2 
and A can be presented by generators hi, a, 1 < £ < a, and relations (0.2), 

2 2 

(0.5) a p = — g p ), with \i either or 1; 
(0.6) heahj 1 = x(ye)a, l<£<a. 
The Hopf algebra structure of A is determined by 

A(he) = he <g> he, A(a) = a <g> 1 + g <g> a, 1 < £ < a 

(B 2 ). There exist g\, g<i e T and characters xi, Xi e T such that q\ := Xi(9i) an d 
Q2 = ^2(^2) have order p, Xi(92)X2(gi) = 1 and A can be presented by generators 
he, ai, 1 < £ < a, i = 1, 2, and relations (0.2), 

(0.7) a\ = — gf), with fii either or 1, i = 1, 2; 
(0.8) heaihj 1 = Xi{Vi) a i, 1 < £ < cr, i = 1,2; 
(0.9) ai<X2 — X2(fti)fl2fli = A(l — gxg^), with X either or 1. 
If A 7^ 0, then X1X2 = 1- The Hopf algebra structure of A is determined by 

A(he) = he® he, A(a^) = <S> 1 + g% <S> a>i, i = 1,2, 1 < £ < a. 

The proof of Theorem 0.2 follows from the above principle: we show, via the 
mentioned characterization, that a braided Hopf algebra of our special type and 
of dimension p or p 2 is necessarily a quantum linear space (Lemma 5.6). We then 
deduce Theorem 0.2 from the Lifting Theorem (5.5). 

We shall give more applications of this principle in a separate article. We shall 
generalize the basic Theorem of Taft and Wilson ([TW], [M, Thm. 5.4.1]) to the 
case of Hopf algebras whose coradical is a Hopf subalgebra. This Theorem is the 
key point in the proof of the following result (see e. g. [N, p. 1545], [AS2, Prop. 
3.1]): If A is a pointed non-cosemisimple finite dimensional Hopf algebra, with 
coradical fe(r) where V is abelian, then there exist g G V, a /c-character x of T such 
that x{g) 7^ 1? an d x E A, x £ k(T) such that 

hxh~ 1 =x(h)x V/i G T, A(x) = x <S> g + 1 <S> x. 

The preceding statement is the initial point in existing attempts of classifications 
of various kinds of pointed Hopf algebras. 

The Lifting Theorem 5.5 has an extra bonus. In 1975, Kaplansky formulated a 
series of conjectures on Hopf algebras. Under the hypothesis that the characteristic 
of the ground field does not divide the positive integer n, one of these conjectures 
states that there are only a finite number (up to isomorphism) of Hopf algebras of 
dimension n. In this direction the following result was proved by Stefan: The set of 
types of semisimple and cosemisimple Hopf algebras of a given dimension is finite 
(in any characteristic). See [St]; a more direct proof (showing at the same time 
finiteness of the number of automorphism and right coideal subalgebras) is given 
in [S]. 
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Theorem 0.3. There exist an infinite family of non-isomorphic pointed Hopf al- 
gebras of order p 4 . 

Let us say that a Hopf algebra is very simple if 

(i) it has no non-trivial normal Hopf subalgebra, and 

(ii) it can not be constructed by bosonization in a non-trivial way. 

Usually, a Hopf algebra is called simple if it satisfies only (i); see for instance 
[A]. However, Taft algebras and book algebras are simple in this sense- this follows 
from the criteria in [AS1]; but they are analogues of solvable algebraic groups and 
it is hard to accept their simplicity. On the other hand, bosonization is also a mean 
to build Hopf algebras from smaller ones- though one of them is a braided Hopf 
algebra. Also, Taft and book algebras can be build by bosonization. For these 
reasons, we propose this new definition. 

Theorem 0. 1 has the following consequence: 

Corollary 0.4. The only pointed Hopf algebras of order p 3 which are very simple, 
are the Frobenius-Lusztig kernels u(q) of type A\. 

The Corollary follows from the considerations in Section 1. So far, the only 
known very simple Hopf algebras of order p 3 are the Frobenius-Lusztig kernels u(q) 
and their duals; see 1.7. 

Let us briefly indicate the contents of the paper. In Section 1, we give some 
information about the Hopf algebras mentioned above. Section 2 is devoted to 
basic facts supporting the principle. In Section 3 we discuss finite dimensional 
quantum linear spaces. In Section 4, we discuss possible quantum linear spaces 
over abelian groups. Theorem 0.2, respectively Theorem 0.3, Theorem 0.1, are 
proved in Section 5, respectively Section 6, Section 7. 

Theorem 0.1 of this paper was announced at the Colloque "K-theory, cyclic 
homology and group representations", CIRM, Luminy, (july 1997); and at the 
"XLVI Reunion de Comunicaciones Cientificas de la Union Matematica Argentina" , 
Cordoba, (September 1997), where also a counterexample to Kapklansky's conjec- 
ture was described. The list appears already in the preprint version of [AS2], 
Trabajos de Matematica 42/96, FaMAF. 

Just before submitting this paper we learned that Theorem 0.1 resp. Theorem 
0.3 also appears in recent unpublished work of S. Caenenepeel, S. Dascalescu resp. 
M. Beattie, S. Dascalescu L. Griinenfelder, and also S. Gelaki. The methods of 
these authors seem to be quite different from ours. 1 

Conventions. If C is a coalgebra, we denote by 67(C) the set of group-like ele- 
ments of C. If g, h G G(C), then we denote P 9i h{C) = P g ^ = {x E C : A(x) = 
x <S> h + g <S> x}; the elements of P g ,h axe called skew-primitives. When B is a 
bialgebra, P\^{B) is just the space P(B>) of primitive elements. 

If A is an algebra, Alg(A, k) denotes the set of all algebra maps from A to k. 

If T is a group, we denote by V the group of characters (one-dimensional repre- 
sentations over k) of V. 

§1. About the Hopf algebras in the list. 
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1.0. Let i e k be a root of 1 of order N > 2. The Taft algebra T k (g) = T(f) 
is the algebra k(g,x\ gxg~ x = £x, g N = 1, x N = 0). Its Hopf algebra structure is 
given by 

A(g)=g®g, S(g) = g~\ e{g) = 1, 
A(x) = x <S> g + 1 <E> x, S(x) = —xg~ 1 , e{x) = 0. 

The dimension of T(0 is N 2 .lt is known that T(f) ~ T(f)* as Hopf algebras, and 
that T(£)~T(£) only if £ = 

A proper Hopf subalgebra A of T(£) is contained in this follows easily 

looking at the coradical filtration of A. Therefore, if A is a proper Hopf subalgebra 
or quotient of T(£), then the order of A divides N. 

Semisimple Hopf algebras of order p 2 are group algebras [Ma] . The only pointed 
non-cosemisimple Hopf algebras of order p 2 are the Taft algebras; a more precise 
characterization of Taft algebras is given in [AS2]. In fact, Taft algebras and group 
algebras are the only known Hopf algebras of order p 2 . 

1.1. The pointedness of the Hopf algebras in the list is a consequence of the 
criteria [M, Lemma 5.5.1]. As in the proof of [M, Lemma 5.5.5], we conclude that 
a Hopf algebra in the list has coradical k(T), where V is: 

(1) Z/(p) x Z/(p), in case (a); 

(2) Z/Cp 2 ), in cases (b), (c), (d); 

(3) Z/(p), in cases (e), (f). 

In particular, this is a first step towards deciding the non-existence of isomorphisms 
between the different cases. 

It is not difficult to see that all the Hopf algebras in the list have dimension p 3 ; 
e.g., using the Diamond Lemma. Alternatively, say in case (b), let A be a vector 
space with a basis g l x^, < i < p 2 — 1, < j < p — 1. It is possible to write 
down explicitly a multiplication table for A such that the defining relations hold; 

A is then an associative algebra. Hence there is an epimorphism Tk(q) — > A. But 

it is easy to see that Tf-(q) has dimension at least p 3 ; therefore the dimension is p 3 . 
This idea applies to the other cases as well. 

1.2. The Hopf algebra Tk(q) does not depend, modulo isomorphisms, upon the 
choice of the p-th root of q. Indeed, let Tj := k(h,y\ hyhr 1 = q x l v+ iy, hP = 
1, y p = 0), with comultiplication A(h) = h®h, A(y) = y <g> h p + 1 <g> y. Then one 

has an isomorphism of Hopf algebras T k (q) — > Tj determined by x t— > y, g t— > h}~ v K 

Notice that T k (q) is a cocentral extension of k(Z/p) by a Taft algebra: 

1 -> T k (q) -> n(q) -> k(Z/p) -> 1. 

1.3. The Hopf algebra Tfc(g) is dual to T k {q). It is a central extension of a Taft 
algebra: 

1 -> k(Z/p) -> -> T fc (g) -> 1; 

where the central Hopf algebra is generated by g p . It is clear that no group-like 
element of T k (q) is central; hence T k (q) and T k (q') can not be isomorphic for any 
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I.4. The Hopf algebra r(q) is also a central extension of a Taft algebra: 



1 - fc(Z/p) - r(g) - r fc (g) - 1; 



again, the central Hopf algebra is generated by g p . This Hopf algebra was first 
considered by Radford [Rl]. The dual Hopf algebra r(q)* is not pointed- see loc. 
cit.; hence cases (b), (c) and (d) have no intersection. 

In all three cases, the Hopf algebras are not isomorphic for different values of q. 
This can be shown via the first term of the coradical filtration. Indeed, it is enough 

to consider T k (q), since T k (q) ~ [T k (q)) and grr(<?) ~ T k (q). 



1.5. The Frobenius-Lusztig kernel u(q) is the simplest example of the finite 
dimensional Hopf algebras introduced in [LI], [L2]. It is easy to see that it has no 
non-trivial representation of dimension 1. Looking at its coradical filtration [T], we 
conclude that u(g) and u(q') are not isomorphic unless q = q'. It is not difficult to 
see that u(q) has no non-trivial quotient Hopf algebra [T]; hence it is very simple. 
See also [ASl]. 

1.6. Information about book Hopf algebras can be found in [AS2, §6]; h(q,p — 1) 
was already considered in [R2, p. 352]- without assuming that the order of q 
is prime. h(q, m) and h(q, m) are isomorphic if, and only if, (q, m) = (q, m) or 
(q~ rn ,m _1 ) [AS2, Prop. 6.5]. The dual Hopf algebra (h(q,m))* is isomorphic to 
h(q, —m) [AS2, Prop. 6.7]; in particular, h(q, m) has p different representations of 
dimension 1 and hence types (e) and (f) have no intersection. 

Book algebras can be obtained by bosonization [AS2]; see also Section 3. By the 
criteria in [ASl], a book algebra is simple. 

1 . 7. Semisimple Hopf algebras of order p 3 were classified by Masuoka [Ma] : there 
are p + 8 isomorphism types, namely three group algebras of abelian groups; two 
group algebras of non-abelian groups and their duals; p + 1 non-commutative, non- 
cocommutative Hopf algebras constructed by extension. 

In addition to the already mentioned Hopf algebras of order p 3 there are also the 
dual Hopf algebras (u(g))* and (lZ(q))*. Among all these Hopf algebras of order 
p 3 , only the Frobenius-Lusztig kernels and their duals are very simple in the sense 
of the Introduction. 

§2. The coradical filtration and the associated graded Hopf algebra. 

2.0. Let B, H and R be as in (0.1). Then R is a braided Hopf algebra in the 
category ^yT> of Yetter-Drinfeld modules over H. See [R3], [Mj]. We recall the 
explicit form of this structure; we follow the conventions of [AS2]. 

The action of H on R is given by the adjoint representation composed with 7. 
The coaction is (n <S> id) A. These two structures are related by the Yetter-Drinfeld 
condition: 



S R (h.r) = /i(i)r ( _i) S(h {3) ) ® h {2) .r {0) . 
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Moreover, R is a subalgebra of B and a coalgebra with comultiplication 

Afl(r) = r (1) 77r<S(r (2) ) ®r (3) ; 

the counit is the restriction of the counit of B. To avoid confusions, we denote here 
the comultiplication of R in the following way: 

or even we omit sometimes the summation sign. 

The multiplication m and the comultiplication A of R satisfy 

Am = (m <g> m)(id<g)c<g)id)(A <g> A). 

Here c is the commutativity constraint of ^yV; explicitly 

CM,7v( m <8> n) = m(_i).n ® TO(q), 

for M,N e %yv, meM,neN. 
The map Sr : R ^ R given by 

•Sjj(r) = 7tt(^(i)) Sb r( 2 ) 

(where 5^ is the antipode of 5) is the antipode of R, i. e. the inverse of the 
identity in EndR for the convolution product. Hence R is a braided Hopf algebra 
in %yV. 

Conversely, given H and a Hopf algebra R in ^yD, the tensor product £? = R®H 
bears a Hopf algebra structure, denoted R#H : via the smash product and smash 
coproduct: 
(2.1) 

{r#h){s#f) = r(h {1) .s)#h {2) f, A(r#h) = r( 1 )#(r( 2 )) ( _ 1) /i (1) ® (r( 2 )) (0 )#/i (2 ). 

Let 7T : -> H and 7 : -> ^#,9" be the maps 

Tr( r #h) = e{r)h, 1 {h) = l#h. 

Then 7 is a section of 7r and we are in the setting (0.1). We term B = Rj^H, 
following Majid, the bosonization of R. 

2.1. We recall that a graded Hopf algebra is a Hopf algebra G together with 
a grading G = Q) n >oG(n) which is simultaneously an algebra and a coalgebra 
grading [Sw, Section 11.2]. In particular, e(G(n)) = for n > and the antipode 
is a homogeneous map of degree 0. 

It turns out that 67(0) is a Hopf subalgebra of G and that the inclusion 7 : 
67(0) "-^ 67 is a section of the projection tx : 67 — > 67(0) with kernel © n >i67(n). Let 

R = {aeG : (id<g>yr)A(a) = a <g> 1}. 

We know that R is a braided Hopf algebra in ^(0)^^ an< ^ ^ * s tne bosonization of 
i?. 

We shall say that a braided Hopf algebra with a grading of Yetter-Drinfeld 
modules is graded if the grading is simultaneously an algebra and coalgebra and 
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Lemma 2.1. Keep the notation above. 

(i) R is a graded subalgebra of G: R = © n >o-R(n), where R(n) = R H G(n). 

(ii) With respect to this grading, it is a braided graded Hopf algebra. 

(iii) G(n) = R(n)#G(0) and R = R(0) = kl. 

Proof. Let r G R and let us decompose r = ■ rj, with rj G Then we write 

h 

where rj^ G G(h), G G(j — h). Clearly, Tv(rj) = unless h = 0. Hence 
(id<g>7r)A(rj) G <g> G(0). By definition of i?, 

^•©^^(id^A^-); 

taking homogeneous components, we see that rj <S> 1 = (id ©7r)A(rj), i.e. that 
rj G R. This proves (i). 

It follows from the definition of the action and coaction that each R(n) is a 

submodule and subcomodule. That is, R = © n > -R(n) is a grading in Q^y'D. 
It is not difficult that R is a graded coalgebra. Indeed, if r G R(j) then we write 

(A G <g> id) A G (r) = ^ <E> 6t <8> Cj- t -h, 

h,t 

where a/,, G 67(/i), 6 t G 67(t), Cj- t -h £ C(j — t — h). Hence 
Afl(r) = y^a/tTTiS^t) ® Cj-t-^ = ^^^5(60) <8> Cj-^ G ®hR{h) <8> R(j - h). 

h,t h 

Now we prove (iii). The first claim is evident, since G(n) D R(n)#G(0) and 
G = ® n >oG(n) = ® n >oR(n) <S> G(0). As for the second, we know that #0 Q -R(O) 
and -R(O) = kl. Indeed, the contention follows since the coradical is contained in 
the zero part of any coalgebra filtration [M, 5.3.4]; the equality follows by definition. 
These two facts imply that Rq = R(0) = kl. □ 

2.2. Let A be a Hopf algebra and assume that its coradical Aq is a Hopf subal- 
gebra (for instance, A is pointed). Then the coradical filtration is in fact a Hopf 
algebra filtration and the associated graded algebra 

grA = © n > grA(n) = © n > A n /A n _i 

(with A-i = 0) is a graded Hopf algebra. See [M, 5.2.8]. If A has finite dimension 
N, then gr A also has dimension N. 

Lemma 2.2. If gr A is generated as an algebra by grA(O) © grA(l) then A is 
generated as an algebra by Aq + A\. 

Proof. This can be checked directly, or via the following argument: A\, gr A(l) are 
Ao-bimodules, and the projection A — > gr A(l) is a bimodule homomorphism. Since 
Aq is semisimple by [LR], A\ ~ A ©gr A(l) as A -bimodules. We can consider the 
tensor algebra T,4 (gr A\) and the corresponding map it : T y 4 (gr A\) — > A- see [N, 
Prop. 1.4.1]. This map is compatible with nitrations and the corresponding graded 
map is bijective. Then 7r is bijective [B, §2, no. 8]. □ 
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Lemma 2.3. The coradical filtration of gr A is given by 
(2.2) (grA) m = © n < m grA(n). 

Definition [CM]. A graded coalgebra satisfying (2.2) is called coradically graded. 

Proof. We check this for m = 0, 1; the general case is similar or else can be deduced 
from these two cases by [CM, 2.2]. 

First, Aq = grA(O) C (gr A) because it is cosemisimple. Conversely, the fil- 
tration grA(O) C grA(O) © gr A(l) C •■■ C © n < m grA(n) C ... is a coalgebra 
filtration hence gr A(0) D (gr A)q [Sw, 11.1.1]. 

Now we consider m = 1. Again, Aq © A\/Ao C (gr A)i is easy. Let y G gr A and 
write 

y = yo + m^ \-¥^, vl^ A j/ A j-u y^^O- 

Hence 

A(y) = J2 A (yj) G^+©r+ s <mgrA(r)©grA(s), 

3=0 

and A(y~^) = z\ + z 2 + z 3 , with z\ G gr A(m) © gr A(0), 22 £ gr^4(0) © gr A(m), 
z 3 G ® r +s=m,r,s>ogrA(r) ©grA(s). 

Now assume that m > 1. If 23 = 0, = 0; and if 7^ 0, y ^ (gr So m 
should be 1 and A © Ai/A 2 (gr A) 1 . □ 

Let G = © n > G(n) be a coradically graded Hopf algebra. Let R be the 
associated braided graded Hopf algebra, see 2.1. 

Lemma 2.4. 

(i) R = kl = P(0) and P(R) = R(l). 

(ii) R is a coradically graded coalgebra. 

(iii) Gi = G(0)e[PGR)#G(0)]. 

Proof, (i). We know that Ro — R(0) = kl from Lemma 2.1. 

Let r G P(l). Then A#(r) = ri © 1 + 1 © r 2 , for some ri,r2 G -R(l). Applying 
id ©£ and £ © id to both sides of this equality, we conclude that r\ = ri = r. That 
is, P(R) D R(l). 

Let now r G P(R). If S(r) = r ( _i) © r (0 ) G 67(0) © P, then 

A G (r) = r © 1 + r(_i) © r( ). 

As 67 = G(0), we deduce that r G G\. But by hypothesis, Gi = 67(0) © 6(1). 
We can assume that r is homogeneous; since r G P(0) is not possible, we see that 
r G 6(1). That is, P(R) C P(l). 

(ii) . By [CM, 2.2], it is enough to consider the cases m = 0, 1. The case m = 
is covered by (i). For m = 1, we have, again by (i), 

Pi = fcl © PGR) = P(0) © P(l). 

(iii) . This follows from Lemma 2.1 and (ii). □ 

2.5. Let H be a cosemisimple Hopf algebra. Let R be a braided graded Hopf 
algebra in the category ^yT>. Let 6 = P#P; it is easy to see that 6 is a graded 
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Lemma 2.5. If Rq = kl = R(0) and P(R) = R(l), then G is a coradically graded 
Hopf algebra. 

§3. Quantum linear spaces. 

As mentioned in the Introduction, we are interested in braided Hopf algebras R 
in the category ^yV of Yetter-Drinfeld modules over a Hopf algebra H. We use in 
this section the notation of [AS2, Section 4]. 

A version of the following result appears in [N, p. 1538]. 

Lemma 3.1. Let H be a finite dimensional Hopf algebra. 

(i) . Let x G H such that A(x) = x®l-\-g®x, gx = xg, for some g G G(H). 
Then x is a scalar multiple of g — 1. 

(ii) . Let R be a finite dimensional braided Hopf algebra in ^yT>. Let x G P(R) 
be a non-zero primitive element such that S(x) = g <g) x, h.x = x(h)x, for some 
g G G{H), x G Alg(#, k) and for all heH. Then q := x(g) ^ 1- 

Proof. Let S be the subalgebra of H generated by g and x; by hypothesis, it is a 
commutative Hopf subalgebra and hence it is cosemisimple by the Cartier-Kostant 
theorem. Looking at the expression of x in terms of the decomposition of S in 
simple subcoalgebras, one concludes that x = X(g — 1), for some A G k. This shows 

(0- 

For (ii), we apply (i) to the element x#l of A = R#H; by (2.1), A(x) = 
x <S> 1 + g <8> x and gx = qxg. If q = 1 then x = X(g — 1), for some A G k. This 
implies x = 0, a contradiction. □ 

Let K be an arbitrary Hopf algebra. Let g G G(K), x £ Alg(K, k) such that 
x(h)g = h(i)x(h(2))9 S(h(3)), for all h G K. Let be the order of q := x(g); we 
assume N is finite. 

Let R = k[y]/(y N ). Then R is a braided Hopf algebra in ^yV with K-module 
and -KT-comodule structures given by 

h.y* = x t (h)y t , 5 R {y t )=g t ®y\ 

and comultiplication uniquely determined by A#(y) = y ®1 + 1® y. This braided 
Hopf algebra will be denoted lZ(g,x)- The braided Hopf algebras lZ(g, x) and 
7£(#, x) are isomorphic only if g = g and X = X- See [AS2, Lemma 8.1]. 

Theorem 3.2. Let H be a finite dimensional semisimple Hopf algebra. Let R be 
a finite dimensional braided Hopf algebra in ^yD. Assume that 

(1) Rq = kl, where Rq is the coradical of R. 

(2) dimP^) = 1. 

Then there exist g G G(H), and x G A\g(H, k) such that R ~ TZ(g, x)- 

Proof. By (1), P(R) ^ 0. As P(R) is a Yetter-Drinfeld submodule of R, condition 
(2) implies the existence of g G G(H) and a character x £ such that 

6(x) = g ® x, h.x = x(h)x Vh e G(H), x e P(R). 

Let N be the order of q = x{d)- Fi x ^ £ P{R)i x 0- By the quantum binomial 
formula, dim/c[x] = A and = 0. In fact, fe[x] ~ H(g, x)- Hence we only need to 
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Consider the algebra R*. It has a unique maximal ideal, namely M := Rq. 
M, and a fortiori M 2 and M./M 2 , are Yetter-Drinfeld modules. Observe that 
M/M. 2 ~ (P(R))* as -ff-modules. But, since H is semisimple, the projection 
M — > /7W 2 has an if-linear section. Whence there exists T e M — M 2 such 
that 

S(T) = g' 1 <g> T, /i.T = x~\h)T Vh G if. 

It is not difficult to show that R* = k[T). Hence 1, T, T 2 , . . . , T d_1 is a basis of 
i?*, where d = dimi?, and we can consider its dual basis to, t\, . . . , tjy, ■ ■ ■ in R. 
Note that 8{T^) = g~3 ® T J , /i.T- 7 ' = X ~ j {h)T^, Mh G H; hence <5(i,) = g j tj, 
h.tj =x j {h)tj,Vhe H. 

On the other hand, consider the coradical filtration of R: 

R = kl C i?i = jfel P(R) C ... C Rj C ... 

If j < N - 1, 1, x, ... , x- 7 belong to As (-Rj)* ~ R*/M J+1 , we conclude that 
1, x, . . . , x J form a basis of Rj. Hence there exist Xj G k such that 

X j t j = x j , j<N-l. 

Now assume d > N and let z = t n. Then 

A(z) = A(tjv) = Y U®t N -i = z®l + l® z+ Y XiXN-iX 1 (S> x N ! 

0<i<N Ki<N-l 



Therefore the subalgebra k(x, z) is a Hopf subalgebra of R. Now let us compute 



A(xz) = (x <g> 1 + 1 <g> x) \z <g> 1 + 1 <g> z + XiX]\[-iX i <S> x N ' 1 

\ l<i<N-l 

= xz<3l + x<g>z + ^2 XiX N -iX t+1 K - A " 

l<i<AT-l 

+ 2(g>x + l(8>zx+ XiXN-iQ l x l ®x 



I - . ," . A' - I 

i i k-x „.iV+l-i 



l<i<iV-l 

Hence xz G -Rjv+ii similarly, also zx G Rn+i- We conclude, looking at the decom- 
position in i7-submodules, that 

xz = at]y + i + bx, zx = c&n+i + dx, 

for some a,b,c,d G k. It follows from this that k[x] is a normal Hopf subalgebra 
of k(x,z), and we can form the quotient Hopf algebra. The image of z in this 
finite dimensional braided Hopf algebra is invariant and primitive, hence 0. Then 
k[x] = k(x,z), a contradiction. □ 
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Definition. We shall say that a braided Hopf algebra R in ^yV satisfies hypothesis 
(A) if there exist a basis x\,...,xq of P(R), and gi,...,gg G G(K), xu ■ ■ ■ 1X0 £ 
Alg(K, k) such that for all j, l<j<6, 

S(xj) = gj <S> Xj, h.xj = Xj(h)xj, for all h G K, and 

the order Nj of qj := Xj{dj) is finite. 

If K = fe(r) is the group algebra of a finite abelian group T, hypothesis (A) 
always holds. 

If q G k and < % < n < ordg, we set (0) g ! = 1, 

&). = (i).£-i).i - wl - HU |ii w« = 7£r- 

By the quantum binomial formula, if 1 < n,- < iVj, then 



a « j )= e ('; ) 



9 J 

We use the following notation: 

n = (m, . . . , rij, . . . ,no), x n = x\ x . . .x n - 3 . . .Xg e , |n| = n\ H hn?H hn^; 

accordingly, N = (iVi, . . . , Nq), 1 = (1, . . . , 1). Also, we set 

i < n if ij < rij, j = 1, . . . , 9. 
Then, for n < N — 1, we deduce from the quantum binomial formula that 

A(x n ) = X n <g> 1 + 1 <g> X n + ^ Cn,^ 1 Ox"" 1 , 

0<i<n 

where c U; i 7^ for all i. We shall need 

A(XjXi) = (xi <g) 1 + 1 <8> Xo)(xs <g> 1 + 1 ® Xn) 
(3.1) JA . 

= XjXi ®l + Xj®Xi + Xi{9j) x i ® + 1 ® XjXi, 

for 1 < j,i < 0- 

Lemma 3.3. Let R be a braided Hopf algebra in ^yT> satisfying hypothesis (A). 
Then {x n : n < N — 1} is linearly independent. Hence, dimi? > Ni . . .Nq. In 
particular if any element of G(K) has order p, then dimi? > p 9 . 

Proof. We shall prove by induction on r that the set 

{x n : |n|<r, n < N - 1} 

is linearly independent. 

Let r = 1 and let ao + X^=i a i x i = 0^ wuth aj G k, < j < 9. Applying e, we 
see that ao = 0; by hypothesis we conclude that the other a/s are also 0. 

Now let r > 1 and suppose that z = X) n -|n|<r a n% n = 0. Then 

= A(z) = z®l+l®z+ ^2 a n ^ Cn^Oa: 11 " 1 = S ^Cn,^ 1 ®^ 11-1 - 

l<|n|<r 0<i<n l<|n|<r 0<i<n 

Now, if |n| < r, < i < n, and 7^ i 7^ n, then |i| < r and |n — i| < r. By inductive 
hypothesis, the elements x 1 ® x 11-1 are linearly independent. Hence a n c n i = and 

/i„ = f) fnr all n In I -> 1 Rv ttip st.pn r = 1 = D fnr all ri i 



14 



NICOLAS ANDRUSKIEWITSCH AND HANS-JURGEN SCHNEIDER 



Let now 9 GN and gi, . . . , gg G G(K), xi, ■ ■ ■ ,Xe £ Alg(A, fc). We assume that 

(3.2) the order Nj of qj : = Xj(dj) is finite. To avoid degenerate cases we also 
assume Nj > 1; c/. Lemma 3.1. 

(3.3) = gjgi, XiXj = XjXi, for all ij. 

(3.4) %;(%; = h {1) Xi(h( 2 ))gt<S(h(3)), for all /* G if, 1 < i < 0. 
(3-5) Xj(9i)Xi(9j) = 1, for all z ^ j. 

For K = fe(r) with T finite abelian, the following Lemma was essentially proved 
in [N, p. 1539]. 

Let R be the algebra generated by x\, . . . , xg, with relations 

(3.6) xf 1 =0,...,Xq 8 =0, 

(3.7) XiXj = Xj(9i)xjXi, if i ^ j. 

Lemma 3.4. R has a unique braided Hopf algebra structure in ^yT> such that the 
action and coaction are determined by 

S(xj) = gj <S> Xj, h.Xj = Xj(h)xj V7i G T, 1 < j ' < 9, 

and the Xi 's are primitive. The dimension of R is Ni . . . Ng. The coradical of R is 
kl and the space P(R) of primitive elements is the span of the x\s. R is a coradically 
graded Hopf algebra, with respect to the grading where the Xi 's are homogeneous of 
degree 1. 

We denote this braided Hopf algebra by *R,(gi, ■ ■ ■ , gg; Xii ■ ■ ■ > Xe)] it will be called 
a quantum linear space over K. 

Proof. We first observe that R is a K-module algebra and a if-comodule algebra 
because of conditions (3.3). Indeed, we can extend the preceding action and coac- 
tion of K to the free algebra on generators x±, . . . ,xg; then we have to see that 
the ideal generated by the relations (3.6) and (3.7) is stable by the action and 
coaction. This is clear for (3.6); for (3.7), it follows from (3.3). In addition, the 
Yetter-Drinfeld condition on R holds because of, and indeed is equivalent to, (3.4). 

We verify next that the elements 1 <g) a;* + a;* <g> 1 G R <8> R satisfy relations 
(3.6) and (3.7). The first follow from the quantum binomial formula; the second, 
by direct computation using (3.5). The counit is determined by e(xi) = 0. The 
existence of the antipode follows from a Lemma of Takeuchi, see [M, 5.2.10]: it 
is enough to check that the the restriction of the identity to the coradical of R is 
invertible. But is not difficult to see that R = kl. Indeed R is a graded coalgebra 
whose homogeneous part of degree is fel; then use [Sw, 11.1.1]. Thus R is a 
braided Hopf algebra. By Lemma 3.3, dimi? > Ni...Ng. But (3.5) guarantees 
that the monomials {x n : n < N — 1} generate R as vector space; whence 
dimR = ^...Ng. 

Finally, it is clear that R = © n >o-R(n) is a graded Hopf algebra, where R(n) is 
generated by the monomials x n such that |n| = n. Let z G P(R)', we can assume 
that z is homogeneous. By the same argument as in the proof of Lemma 3.3, n = 1. 

That is Ri = P( Thp last assprtinn fnllnws frnm \C,M 9 91 l~l 
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Quantum linear spaces are characterized by the following Proposition. 

Proposition 3.5. Let R be a braided Hopf algebra in satisfying hypothesis 

(A). Assume that 

dimR = Ni . . . Ng. 

Then: 

(i) Xj(9i)Xi(9j) = 1, for all i ^ j; and 

(ii) R is a quantum linear space. 

Proof. Relations (3.6) hold by Lemma 3.1. By Lemma 3.3, {x 11 : n < N — 1} is a 
basis of .R, which is then generated as an algebra by x±, . . . , xg. If % > j, XiXj can 
be expressed in the following way: 

En 
C n X , 

n 

for some c n G k. Applying A, we see that c n = unless x n = XjXf, so XiXj = cxjXi, 
for some c G k. By (3.1), we have 

XiXj <S> 1 + Xi <S> Xj + Xj{di) x j ® Xi + 1 <S> XiXj 

= CXjXi 1 + CXj (g> Xi + CXi(gj)Xi ® X j + 1 ® CXjXi. 

By Lemma 3.3 again, c = Xj(9i) an d cXi(9j) = 1- Hence (i) and relations (3.7) 
hold. Applying the action and coaction to both sides of the equality (3.7), the 
conditions (3.3) follow. 

We can define now a surjective algebra homomorphism 

K{gi,---,ge;xi,---,xo) — >-R, 

which is also a morphism of Yetter-Drinfeld modules. It is easy to conclude that it 
is a homomorphism of braided Hopf algebras. By a dimension argument, this map 
is an isomorphism. □ 

§4. Quantum linear spaces over abelian groups. 

Let T be a finite non-trivial abelian group and let H = k(T). We discuss in this 
Section the existence of quantum linear spaces over H. 

Let 9 G N. A datum for a quantum linear space consists of elements gi, . . . , gg G 
r, xi, . . . , xe G r such that conditions (3.2), . . . , (3.5) hold. Explicitly, and because 
T is abelian, we are then requiring the following conditions: 

(4.1) < ir . \ ,(.,/,) / 1. 

(4.2) Xj(9i)Xi(9j) = 1, for all % ^ j. 

We shall say that the datum, or its associated quantum linear space, has rank 9. 
Given 9, we are interested in describing all the data of rank 9. This description 
could be very cumbersome. Let 9(T) be the greatest integer 9 such that a datum 
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Lemma 4.1. Let F = K x H, where K and H are finite abelian groups. Then 
9(F) > 9{K) + 9(H). If the orders of K and H are copnme, then 9(T) = 9{K) + 
9(H). 

Proof. We identify H, K with subgroups of T, and H, K with subgroups of V. Let 
hi, ... , hfj,, 771 , . . . jTjfj, be a datum for H and let k±, . . . ,k u , £1, . . . , be a datum 
for H. Then 

h u . . . , fci, . . . , K in T, 7/1, ... , Ci» • • • » &> in f , 

is clearly a datum for T. Hence 0(r) > 9(K) + 9(H). 

Conversely, asume that the orders of H and K are coprime and let g±, . . . ,ge G T, 
Xi, ■ ■ ■ , Xo £ r be a datum for Y. Let us decompose 

<7i = hiki, where hi G H,ki G -ftT, and = ^iCi? where 77^ G H ,Q G K , 1 < z < 6>. 

We claim that ftj, rji, i G 7, where 7 := {z : rji(hi) 7^ 1} is a datum for if, and, 
similarly, that ki, i G J, where J := {z : /, Ci(^i) 7^ 1} is a datum for Clearly, 

Xi(di) 1 implies ^(hi) 7^ 1 or Ci(^) 7^ 1; 

that is, the claim implies 9(F) < 9(K) +9(H). We check then the claim. Condition 
(4.1) is forced by the choice of the index sets. For (4.2), observe that 

1 = Xj(9i)Xi(9j) = Vj(hi)Vi(hj)Cj(ki)d(kj) 

implies 1 = t]j(hi)rji(hj) = C,j(ki)Ci(kj), because the orders of rjj(hi)rji(hj) and 
Cj(ki)C,i(kj) are coprime. □ 

By the preceding Lemma, we are reduced to investigate the behaviour of 9(F) 
when T is an abelian p-group, p a prime. 

Lemma 4.2. Let V be a cyclic p-group, where p is an odd prime. Then 9(F) = 2. 

Proof. We first prove that 9(F) < 2. It is enough to show that no datum of rank 
3 exists. Let us assume, on the contrary, that g\,gi,gz G T, xii X2> X3 e T, satisfy 
(4.1), (4.2). Let g be a generator of the subgroup (gi, g 2 , #3) and let p s be the order 
of g, where s is a positive integer. Let ( be a primitive s-th root of 1. Let a±, 0,3, 
&i, 62, 63 be integers such that 

<7i = <7\ Xi(0) = C a S l<i<3. 
Then condition (4.1) means that aibi ^ mod p s and (4.2) that 

(4.3) ai&2 + 02^1 = mod p s 

(4.4) ai6 3 + a 3 6i = mod p s 

(4.5) 0263 + 0362 = mod p s . 

On the other hand, there exist integers r\,ri,r^ such that 



LIFTING OF QUANTUM LINEAR SPACES 17 

Now, we multiply (4.3) by 63, (4.4) by 6 2 , (4-5) by 61 and conclude (since p is odd) 
that 

016263 = mod p s , 026163 = mod p s , 036162 = mod p s . 
Let us write 

ai = p*ai, where t > 0,p J(a{. 

Then p s— * and hence there exist positive integers h, j such that p h \b 2: p^\bs 
and h + j = s — t. From (4.3), (4.4) we deduce that p t+h \ci2bi and p t+i \azb\. Now 
assume that p J(b\. Then 

^ +/l |a 2 => p t+2h \a 2 b 2 =s> t + 2/i<s, 
s — t s — t 

and similarly, t + 2j < s. But then /i < — - — , j < — - — and therefore h + j < s, 

which is not possible. Hence p\bi. By symmetry, p\b 2 , p|6 3 . This contradicts (4.6) 
and finishes the proof of 6(T) < 2. 

Let g denote now a generator of V and let again p s be the order of g and £ a 
primitive s-th root of 1. Then g\ = g, g 2 = g a , Xi given by Xi(fiO = C an d X2 given 
by X2(g) = C~ a is a datum of rank 2 whenever a 2 ^ mod p s . □ 

§5. Pointed Hopf algebras whose diagrams are quantum linear spaces. 

Let T be a finite abelian group. We fix a decomposition V = (yi) © • • • © (y a ) 
and we denote by Mi the order of ye, 1 < t < a. 

Let <7i, . . . , <7# G r, xi, . . . , xe £ T be a datum for quantum linear space; i e., 
(4.1), (4.2) hold. We set q t = Xi{9i)i the order of Oj. We abbreviate 1Z := 
1Z(gi, . . . , gg; xi, ■ ■ ■ , Xe) f° r the quantum linear space defined in Section 3. 

A compatible datum D for V and TZ consists of 

(5.1) a scalar \ii G {0, 1} for each i, 1 < i < 6; it is arbitrary if g^ 1 7^ 1 and 
xf^ = 1, but otherwise; 

(5.2) a scalar A^ G for each 1 < z < j < 6>; it is is arbitrary if gigj 7^ 1 and 
XiXj = 1) but otherwise. 

Remark. If 7^ and A^ 7^ 0, then XiXj = 1 and XiXh = 1; hence Xj = Xh- If 
in addition the order iVj of (ft := Xi(di) is °dd, then j = h. Indeed, suppose j 7^ h. 
Then 

1 = Xj(9h)Xh(9j) = Xi{9h)~ 1 Xi{9j)~ 1 = Xt(9i)~ 2 - 

Here, the first equality is by (4.2); the second, because Xj = Xh = Xi~ > the third, 
because Xi(fi'i) _1 = Xj(9i) = Xi{9j)~ l an d similar with h instead of j. Now Ni odd 
forces 1 = Xi{9i)i which is excluded by (3.2). 

Let rj be the injective map from T to the free algebra k(hi, . . . , h a , a±, . . . , ag) 
given by 

7/(y^,...,y^) = ^ 1 ...^, 0<n £ <M £ -l, 1 < £ < a. 
We shall identify elements of T with elements of the free algebra k(hi, . . . ,h a ,ai, . . . ,ag 
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Definition. Let F be a finite abelian group, TZ a quantum linear space and V 
a compatible datum. Keep the notation above. Let A (F, TZ, V) be the algebra 
presented by generators he, 1 < £ < a, and ai, 1 < % < 9 with defining relations 

(5.3) hf l = 1, 1 < £ < a; 

(5.4) hth t = h t h e , 1 < t < £ < a; 

(5.5) ciihe = x7 1 (yi)heai, 1 < £ < 1 < i < 9; 

(5.6) a^=^(l-g^),l<i<9; 

(5.7) (ijdi = Xi(gj)a>ia>j + Aij (1 - gigj), 1 <i < j < 9. 

We shall denote in what follows by the same letters the generators of the free 
algebra k{h±, . . . , h a , a±, . . . , ag) and their classes in A (F, 1Z, V); no trouble should 
arise. 

Lemma 5.1. There exists a unique Hopf algebra structure on A (F, TZ, V) such that 
(5.8) A(^) = he <S> he, A(a^) = a» <S> 1 + g% ® ai, 1 < I < a, 1 < i < 9. 



Proof. Let also A : k{hi, . . . , h a , a lt . . . , a e ) -> A {F, TZ, V)®A{F, 1Z, V) denote the 
algebra map defined by (5.8). Clearly, A(/i) = h®h whenever h is a monomial in 
the he's. We have to verify that the elements He = he® he, Ai = ai <8> 1 + gi <8> ai 
satisfy the defining relations. This is not difficult for (5.3), (5.4), (5.5). For relations 
(5.6), (5.7), the reason is the same: both sides of each equality are skew-primitive 
elements related to the same group-likes. For instance, we have 

A(a^ =af ®l + ^®aj* = mil-g^l+g^^mil-g^) = A^(l-^)- 

Here the first equality follows from (5.4) and the definition of A via the quantum 
binomial formula, since the order of q\ is iVj; the second, from (5.6); the third is 
clear. This proves that He, Ai satisfy (5.6). For (5.7), the computation is also 
direct. It is clear that A is coassociative. 

The algebra map e : A (F, TZ, V) — > k uniquely determined by e(he) = 1, e(fli) = 
0, for all £ and i, is the counit of A (F, TZ, V). We claim that there is a unique 
algebra map S : A (F, TZ, V) — > A (F, TZ, V) op such that for all £ and i, 

S{h t ) = hj 1 , S(ai) = -g~ x ai. 

The verification of relations (5.3), (5.4), (5.5), (5.7) is straightforward. For (5.6), 
we first check by induction that 

S{ ai T = (-l)X n(n ~ lV V n C 
As qi is a primitive AVth root of 1, ( — 1 ) qf^* * — 1 )/ 2 _ _i Hence 
S( ai ) N > = -g- N *a^ = ^(1 - g- N >) = ^(1 - S( 9i ) N >). 



The map S is clearly an antipode and the Lemma follows. □ 
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Proposition 5.2. Let F be a finite abelian group, TZ a quantum linear space and 
V a compatible datum. Keep the notation above. The set of monomials 

hi 1 . . . hl'al 1 . . . a r \ < r e < M e , < 8i < N t , 1 < i < a, l<i<6 

is a basis of A (F, TZ, T>). In particular, 

(5.9) &uvA(F,TZ,V) = JJ M t JJ N { = \F\ dimTZ. 

\<t<o l<i<9 

Proof. Let us assume that the scalars \j are arbitrary. It is not difficult to 
conclude from relations (5.4), (5.5) and (5.7) that these monomials generate the 
vector space A (F, TZ, V). By the Diamond Lemma [Be], it is then enough to verify 
that the following overlaps can be reduced to the same normal form: 

(5.10) (cahi) hf*- 1 = a, (/1,/if^ 1 ); 

(5.11) (aihi)ht = ai(h £ h t ), t < I; 

(5.12) (a? i - 1 a i }h e = a? i - 1 (a i h e y, 

(5.13) (a^'^a^j a* = af 1 ' 1 (a^a*), i < j; 

(5.14) (a jai ) af 1-1 = aj (a^af , % < j; 

(5.15) (aja^ h = aj (a^), i < j. 

Here we order the monomials in the following way. If z\ < z^ < ■ ■ ■ < z m are 
indeterminates, we define the standard ordering on monomials A, B in zi, . . . , z m 
in the usual way: A < B if length(A) < length(S), or A and B have the same 
length and A is lexicographically smaller than B. If A is a monomial in hi, . . . , ag, 
let 4>(A) be its a-part, that is the image under the monoid homomorphism <fi with 
4>{hg) = 1, = Oj for all i, i. We order the monomials in hi, . . . , ag as follows: 

hi < ■ ■ ■ < h a < ai < • • • < ag; A < B if <f>(A) < <f>(B) in the standard ordering 
of the monomials in a\, . . . ,ag, or <p(A) = (p(B) and A is smaller than B in the 
standard ordering of h±, . . . , ag. 

The verification of (5.10), (5.11) is easy and gives no condition. The verification 
of (5.12) amounts to 

/*, (l - g^) he = inxT\vt) Ni hi (l - 9?') ■ 
This imposes the condition 

(5.16) If g^ ^ 1 and xf l + 1 then ^ = 0. 
The verification of (5.13) turns to 

I' i (l ~9? j ) «, 

= HXi(9j) Nj ai ~ li.Ul]'"> + Aij (l + Xi(9j) + Xi(9jf H + XiC^)^'" 1 ) of*" 1 ; 

and so we need the conditions 

(5.17) Xij (i + X i(9j) + Xi(gj) 2 + ■■■ + Xiigj)^' 1 ) = o. 
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In the same vein, for (5.14) and (5.15) it is necessary that 

(5.19) Xij (1 + X i(9j) + M9j) 2 + ■■■ + XiGfc)" 4-1 ) = 0. 

(5.20) If g?' ^ 1 and Xi(9j) Ni 1 then ^ = 0. 

(5.21) If giQj ^ 1 and XiXj 1 then A^ = 0. 
Now it is harmless to assume that 

Hi = if g? 1 = 1, = if g^gj = 1. 

The combination of this last assumption and (5.16) is exactly the constraint in 
(5.1); in turn, the constraint in (5.2) is equivalent to the assumption together with 
(5.21). Also, condition (5.16) implies (5.18) and (5.20). It remains to show that 
(5.17) and (5.19) are consequences of (5.21). 

Indeed, assume that \j ^ 0; by (5.21), this is only possible if gigj ^ 1 and 
XiXj = 1- But then Xi(9i) = Xjlfi'j) -1 ? thanks to (4.2). Thus Ni = Nj. Moreover, 
Xi(9j) Nj Xj(9j) Nj = 1 and hence Xi(9j) Nj = 1- Therefore (5.17) and (5.19) hold. □ 

Corollary 5.3. The Hopf algebra A (T, TZ, V) is pointed and its coradical filtration 

is given by 

(5.22) 

A (r, TZ, V) n = (h^ . . . hpa? . . . a s 9 e , < r e < M e , < Sl < N it W, i, ^ Sl < 
In particular, 

(5 23) P ^ A ^ U ^ = fav^M 1 ~ 9i)) © ( .,:,, , 1 < i < 

P g ,i(A(T^V)) = k(l-g) ifg^ gi . 

Proof. The subalgebra k[h\, . . . , h a ] of A (r, TZ, V) coincides with its coradical. In- 
deed, k[hi, . . . , ha] D A (r, TZ, V) Q by [M, 5.5.1] and the other inclusion is evident. 
Hence, A(T, TZ, V) is pointed and A(T,TZ,V) is isomorphic to the group algebra 

of r. 

Now we consider the graded Hopf algebra gr A (r, TZ, V) associated to the corad- 
ical filtration, and the diagram of A (T, TZ, V). It follows from Proposition 5.2 that 
the diagram is isomorphic to TZ. By Lemma 3.4, we know the coradical filtration of 
TZ. By Lemmas 2.3 and 2.4, we know then the coradical filtration of gr A (V, TZ, V). 
We conclude, by a recursive argument that the coradical filtration of A (T, TZ, V) is 
given by (5.22). In particular, 

A (r, TZ, V) 1 = A (r, TZ, V) Q ®A (r, TZ, V) a x ®A (r, TZ, V) a 2 ■ ■ -@A {V, TZ, V) a e . 
The claim (5.23) follows by a direct computation. □ 

Let now A be a finite dimensional pointed Hopf algebra such that the group 
G(A) of its group-like elements is isomorphic to V. We denote H = k(T). By the 
Theorem of Taft and Wilson [M, Thm. 5.4.1], A 1 = k(T) + (® g , h erP g ,h)- 

If M is an if-module (respectively, comodule) then M x (resp., M g ) denotes the 
isotypic component of type x G T (resp., of type g G Y). If M is an object in ^yT> 
then := M g H M x . Any finite dimensional M G decomposes as 

M = %er, x erM*. 

The adjoint action of V on A leaves stable each space P g ,h] hence, we can further 
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Lemma 5.4. Let gr A be the graded Hopf algebra associated to the coradical filtra- 
tion and let R be the diagram of A. 

(i) . The first term of the coradical filtration of A is given by 

Al = k(T) © (© g , h€V P* fc ). 

Thus the second summand is isomorphic to gr A(l). 

(ii) . IfP(R) = ®i<j< M P{R) m with P(R) 9i ^ 0, then P g ,h(A) contains properly 
P g ,h(A) n k(T) = k(g - h) if and only if (g, h) = (giS, s), for some s G V. 

Proof. If e is the trivial character of T, then P e gh d k(T) by Lemma 3.1. Since V 
is abelian, Pg h = P g ,h H k(T). This shows part (i). Part (ii) follows at once from 
part (i) and formulas (2.1). □ 

Lifting Theorem 5.5. Let A be a pointed finite dimensional Hopf algebra with 
coradical H = k(T), where V is an abelian group as above. Let gr A be the graded 
Hopf algebra associated to the coradical filtration. Let 1Z be the diagram of A. We 
assume that 1Z is a quantum linear space. 

Then there exists a compatible datum V such that A is isomorphic to A (r, 1Z, V) 
as Hopf algebras. 

Proof. Let x\,...,xe be the generators of 1Z satisfying the relations (3.6), (3.7). 
We identify Xj, resp. h G T, with Xj#l, resp. l#/i, in lZ#k(T) ~ gr A. By (2.1), 
we see that gr A can be presented by generators hi, 1 < i < a, x^, 1 < i < 9 and 
relations (5.3), (5.4), 

(5.24) x^ = 0, 

(5.25) h(Xi = Xi{hi)Xihi, 

(5.26) XiXj - Xj(9i)xjXi = 0, 

for all 1 < £ < a, 1 < i ^ j < 6. The Hopf algebra structure of gr A is determined 
by 

A(/i) = h®h, A(xi) = Xi ®1 + gi ® Xi, 

1 < i < 9, h G r. Hence xi G P gu \{gr A) Xi . According to Lemma 5.4, we can 
choose ai G P gu i(A) Xl such that al = Xi in gr A(l) = Ai/Aq. By Lemma 2.2, A 
is generated by hi, 1 < £ < a a^, 1 < i < 9. It is clear that relations (5.3) and 
(5.4) also hold in A. We verify now that relations (5.5), (5.6), (5.7) hold for some 
collection of scalars Hi, Xij, and at the same time, that this choice must fulfill the 
constraints in (5.1) and (5.2). For (5.5), this follows from the choice of the a^s. We 
check (5.6). By the quantum binomial formula, 

a^eP Nil {A)^\ 

We know that 

Ni -1 N i( \ Ni Ni Ni Ni 

by Lemma 3.1, G k(g^ — 1). Dividing out ai by an appropiate scalar, we see 
that relations (5.6) hold, for ^ either or 1. If g?* ^ 1 we can assume without 
trouble that ^ = 0. So let us suppose that g^ =1. If fa = 1 then 

h e a^ = X ^(h e )a^ = af; 
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We prove now (5.7). By (4.2) and the choice of the a^'s, it follows that 

~ X J (g l )a J a l G P hgigj (A) x ^ . 

By Lemma 5.4, if a^j — Xj(9i) a j a i k(T), then for some h ^ i,j, XiXj = Xh- But 
then gigj = g h . By (4.2) again, 

1 = Xh(9i)Xi(9h) = Xi(9i)Xj(9i)Xi(9i)Xi(9j) = X*(^) 2 
and hence Xi(9i) = — 1- Similarly, Xj(9j) = ~ 1- So 

Xh(9h) = Xi(9i)Xj(9i)Xi(9j)Xj(9j) = 1, 

a contradiction. Therefore a^aj — Xj(9i) a j a i £ ^(T) and by Lemma 3.1, there exist 
scalars X^ such that a^- — Xj(9i) a j a i = Kj (1 ~~ 9i9j)'i i- e - (5-7) holds. If g^gj = 1 
we assume without harm that Xij = 0. If gigj ^ 1 and Xij ^ then, arguing as for 
the /Ui's, we see that XiXj = 1- Hence the collection Xij satisfies the constraints of 
(5.2). 

Then the datum V = (fii, Xij) is compatible and we have a Hopf algebra surjec- 
tion A (r, 1Z, V) — > A. As A (r, V) and A have the same dimension, they are 
isomorphic. □ 

We deduce now Theorem 0.2 from Theorem 5.5. We need the following Lemma. 

Lemma 5.6. Let Y be a finite non-trivial abelian group and let H = k(T). Let R 
be a braided Hopf algebra in ^yD, with trivial coradical: Ro = R(0) = kl. 

(a) If dim R = p then dim P(R) = 1 and R is a quantum line. 

(b) If dim R = p 2 then dimP(i?) = 1 or 2, and R is respectively a quantum line 
or a quantum plane. 

Proof. Let R be a finite dimensional braided Hopf algebra in ^yT>, with trivial 
coradical. Since Rq = kl and E3i?o, P(R) 0. O n the other hand, P(R) is a 
Yetter-Drinfeld submodule of R, hence P(R) = © pr f,P(R)*. 

Let x G P(R) X , x 7^ 0, for some g G T, x G T. Let q = xi.9) an d let N be 
the order of q; q ^ 1 by Lemma 3.1; that is, N > 1. It is not difficult to see that 
the subalgebra k[x] of R is a braided Hopf subalgebra of dimension N. It follows 
from the Nichols-Zoeller Theorem that N divides the dimension of R, see [AS2, 
Proposition 4.9]. 

Let x±,...,xg be a basis of P(R) such that Xj G P(R) g ^ for some gj G T, 

Xj G T, for all j. Let Nj be the order of Xj(9j)- 

If the dimension of R is p, the considerations above show that R = k[xi\. This 
proves part (a). 

We now assume that the dimension of R is p . If Ni = p 2 , then 6 = 1 and R 
is a quantum line. So we can further suppose that Nj = p for all j. By Lemma 
3.3, 6 < 2. If 6* = 1, then Theorem 3.2 forces dimi? = p. This is a contradiction 
and therefore 6 = 2. We conclude then, by Proposition 3.5, that R is a quantum 
plane. □ 

Proof of Theorem 0.2. Let gr A be the graded Hopf algebra associated to the corad- 
ical filtration and let R be the braided Hopf algebra in ^yD such that gr A ~ Rj^H 
as in U.U. If the index of H in A is p or p 2 , then R is a quantum line or plane, 

£trmrr\incr tn T,*=>mrrm ^ ft Tin*} H<=>Gr'riT\tirm fnllnwQ nnw frnm TVi^nr^m fi fi i 



LIFTING OF QUANTUM LINEAR SPACES 



23 



§6. Families of Hopf algebras of the same dimension. We shall specialize 
Proposition 5.2 to the simplest possible V and 1Z and suitable V. 

Let us assume that T is a cyclic group of order MN, where M > 1 and N > 2. 
Let us fix a generator y of V. Let q be a primitive iV-th root of 1. We consider the 
following datum of quantum linear plane: 

ji = 92 = !/er, xi»X2ef, xi(y) = q, X2(y) = q~ 1 - 

We consider the compatible datum 

V = (/J,! = 1, ^ 2 = 1, Ay = A) , 

where A G k is arbitrary. 

As above, given a positive integer n, G n denotes the group of n-th roots of 1 in 

k. 

Theorem 6.1. Let B (M, N, q, A) be the algebra presented by generators h, a\, a 2 
with defining relations 

(6.1) h NM = 1; 

(6.2) ha\ = qa\h, ha,2 = q~ 1 a2h; 

(6.3) af = 1 - h N , ag = 1 - h N ; 

(6.4) a 2 ai — qaitt2 = A (l — h 2 ) . 

Then B (M, N, q, A) has dimension MN 3 and carries a Hopf algebra structure given 
by 

A(h) = h®h, A(di) = di <g> 1 + h <g> a t , l<i<2. 
It is pointed and its coradical filtration is given by 



(6.5) B (M, AT, A) n = (tfafaf : < z < ATM, < ji, < j 2 , ji + j 2 < ra). 
in particular, 

Ph,i(B (M, AT, g, A)) = k(l -h)® ka x ® ka 2 
(6 ' 6) P g , 1 (B(M,N,q,X)) = k(l-g) ifgeT, g ? h. 

The Hopf algebras B (M, N, q, A) and B (m, N, q, a) are isomorphic if and only 
if A = uX for some u G Gn- 

Proof. The Hopf algebra structure and the dimension statements follow from Lemma 
5.1 and Proposition 5.2. The description of the coradical follows from Corollary 
5.3. 

We prove now the isomorphism statement. We denote by h, a~i, the generators 
of B (m, N,q y \j. We assume first that B (M, N, q, A) and B (m, N,q,\j are iso- 
morphic; let : B (M, N, q, X) — > B (jM, N, q, X^j be a Hopf algebra isomorphism. 
Then induces a linear isomorphism 
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By (6.6), dim P M (tf(M, AT,?, A)) = 3; hence dim P mA (B (m,AT,?,a)) = 3 and 

by (6.6) again, we have <f>(h) = h. 

Let us write 4>(ai) = ol\{1 — h) + a 2 ai + 0302, for some ojj G k. 

By (6.2), we have 0(/i)(/>(ai)(/>(/i) _1 = q(j)(a\). Hence ot\ = = 013 and 4>{a\) = 
OLi&Xi with a 2 7^ 0. By a similar reason, 0(a 2 ) = ^302, with /?3 7^ 0. Now, by (6.3), 

1 _ h N = 0(1 - O = 0(af ) = = < (l - h N ) ■ 

Hence = 1, and similarly = 1. Notice finally that (6.4) implies 

a^A = A. 

Conversely suppose that A = uX for some ti G Gjv. Then there is a Hopf algebra 
isomorphism <p : B (M, N, q, A) — > B ^M, N, q, A j uniquely determined by 

4>{h) = h, <p(ai) = a!, <f>{a 2 ) = ua 2 . □ 

The following result is a consequence of the argument of the proof of the Theorem 
and answers a question of A. Masuoka. 

Corollary 6.2. The group of Hopf algebra automorphisms of B (M, N, q, A) is fi- 
nite. 

Proof. Indeed, any automorphism T has the following form, for some j G Z/N: 
T(h) = h, T(ai) = q j ai , T(a 2 ) = q~ J a 2 . □ 

Remark. The Hopf algebra B (M, N, q, A) arises as a central extension: 

1 -> fc[^] -> B (M, A/", g, A) A .A (f, ft, -> 1, 

but 7T has no Hopf algebra section. As M and A" could be coprime, this shows that 
Zassenhaus theorem does not generalize to Hopf algebras. 

Proof of Theorem 0.3. It is an immediate consequence of Theorem 6.1, letting 
M = N = p. □ 

Remark. There are also easy examples with V = Z/NMi © Z/NM 2 of families 
of pointed non-isomorphic Hopf algebras of dimension N 4 MiM 2 , in particular of 
dimension p 6 . The construction and proof are very similar. 

§7. Pointed Hopf algebras of order p 3 . 

Let A be a non-cosemisimple pointed Hopf algebra of order p 3 , and let V be the 
group of its group-like elements. By Nichols- Zoeller Theorem [NZ], we have the 
following possibilities: 

(0 r = z/(p) x z/(p), («) r = z/( P 2 ), (in) r = z/(p). 

We shall discuss the cases separately and deduce from Theorem 0.2 that in case (i) 
A should be of type (a), in case (ii) A should be of type (b), (c) or (d) and in case 
(iii) A should be of type (e) or (f). 

Case (i). Here k(T) has index p in A and Theorem 0.2 (ii) applies. Relation (0.3) 
turns to a p = 0, because any element in V has order p. It is easy to see that 

A ~ fcfkfr ■v^6dk.(n. n\ . and that thf sprnnH fa.rtnr is isnmnrnhir tn a. Ta.ft alfwhra. 1 
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Case (ii). Again, fc(r) has index p in A and Theorem 0.2 (ii) applies. Let g, x, q, a 
be as in Theorem 0.2 (ii); the order of q is p. 

We assume first that the order of g is also p. Then the relation (0.3) implies 
a p = 0. On the other hand, let h G V be the generator such that h v = g. Clearly, 
£ := x(h) has order p 2 . We claim that there is an isomorphism of Hopf algebras 

A ~ k(h,x\ hxhr 1 = £x, h p2 = 1, x p = 0), 

where the comultiplication in the right hand side is as in type (b). Indeed the 
existence of a surjective homomorphism from the right hand side to the left follows 
from the considerations above; by a dimension argument it is an isomorphism. So, 
we are in type (b). 

We assume next that the order of g is p 2 . Hence, a p = A(l — g p ) for some A G k. 
If A = 0, A is of type (c); otherwise we replace a by ( p \^X)~ 1 a and conclude that 
A is of type (d). □ 

Case (in). Now fe(r) has index p 2 in A and Theorem 0.2 (iii) applies. We observe 
that possibility (a) is excluded, since every element of T has order p. Let gi,XijQii a % 
be as in Theorem 0.2 (iii). We set g = gi and q = xid) £ ^p- There are integers 
m,n such that #2 = g m and Xi{g) = Q n - But Xi(92)X2(gi) = 1 forces n = —m. 

Relations (0.7) turn to a p = 0. If A = in (0.9), then A is isomorphic to a book 
algebra and is of type (f). If A 7^ 0, then X1X2 = 1 implies m = —1. It is now clear 
that A is isomorphic to the Frobenius-Lusztig kernel; that is, it is of type (e). □ 
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